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ON GEOMETRIC ANALYSIS OF THE DYNAMICS OF
VOLUMETRIC EXPANSION
S. E. STEPANOV
Abstract. In this paper, we discuss the global aspect of the geometric dynam-
ics of volumetric expansion and its application to the problem of the existence
in the space-time of compact and complete spacelike hypersurface.
1. Introduction
In this paper, we discuss the global aspect of the dynamics of volumetric expan-
sion and its connection with the problem on the existence of spacelike closed and
complete hypersurfaces in the space-time. This problem is interesting for several
reasons. First, manifolds that admit global spacelike hypersurfaces are more rel-
evant to physics than manifolds in which such hypersurfaces cannot exist (see [1,
p. 207]. Second, the problem on the existence of closed spacelike hypersurfaces
(see [2], [3, p. 164]) is closely related to the accelerated expansion of the Universe
(see [4]).
In Sec. 2, we recall basic definitions and elementary facts of the dynamics of
volumetric expansion in the case of the absence of a metric; here we use the meth-
ods proposed in [5]. In Sec. 3, we examine this problem for complete Riemannian
manifolds by the methods developed in [6, 7]. Finally, in Secs. 4 and 5 we discuss
applications of the dynamics of volumetric expansion to the problem on the exis-
tence of compact, complete, spacelike hypersurfaces in Lorentzian manifolds and in
the space-time.
2. Dynamics of Volumetric Expansion without Metric
Let M be a differentiable manifold of dimension n (n ≥ 2) and L(M) be the
bundle of linear frames over M with the structure group GL(n,R). We define an
SL(n,R)-structure on the manifoldM as an SL(n,R)-subbundle of the bundle L(M)
for the subgroup SL(n,R) of GL(n,R). It is well known (see [8, p. 13]) that the
SL(n,R)-structure on M is nothing but the volume element ω, i.e., an n-form ω,
which does not vanish everywhere on M . Moreover, it is known that a connected
manifold M admits an SL(n,R)-structure if and only if it is orientable. Hence, we
assume in the sequel that the n-form ω satisfies the condition
ω
(
∂
∂x1
, . . . ,
∂
∂xn
)
> 0
for an arbitrary local coordinate system x1, . . . , xn matched with the orientation
of M (see [9, p. 259], [10, p. 86]).
Key words and phrases. volumetric expansion, vector field, flow, space-time, spacelike
hypersurface.
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The volume element ω on the manifold M allows one to introduce the integral∫
M
f :=
∫
M
fω of an arbitrary compactly supported in M , differentiable func-
tion f : M → R (see [10, p. 87]). In particular, if the manifold M is closed (i.e.,
compact without boundary), then we can define its volume as follows (see [10,
p. 87]):
Volω(M) :=
∫
M
1 =
∫
M
ω > 0.
Let ξ be a differentiable vector field on M . It is well known (see [9, pp. 22-
23], [11, p. 140], [12, pp. 27, 29]) that in a neighborhood U of each point of the
manifold M the field ξ generates a local flow, which is a local one-parameter group
of infinitesimal diffeomorphisms or, in other words, transformations φt(x) : U →M .
Such transformations are given by the formula
φt(x
k) = x¯k = xk + tξk
in an arbitrary local coordinate system x1, . . . , xn in a neighborhood U , where
t ∈ (−ε,+ε) ⊂ R is a parameter and ξ = ξk∂k. The converse assertions is also
valid (see [9, pp. 21-22], [11, p. 140]), namely, a local flow (or, in other words,
a local one-parameter group of infinitesimal transformations of the manifold M
consisting of diffeomorphisms φt(x) : U → M), for some open set U ⊂ M , an
interval (−ε,+ε) ⊂ R, and arbitrary t ∈ (−ε,+ε) and x ∈ U , induces a vector
field ξ on U as follows. At each point x ∈ U , we define a vector ξx tangent to the
curve x(t) = φt(x) and such that ξ
k = dxi/dt for k = 1, . . . , n in a local coordinate
system x1, . . . , xn in U . The curve x(t) = φt(x) is called the trajectory of the flow.
If the transformation group is global, then the vector field ξ generated by it is said
to be complete (see [9, p. 22], [12, p. 29]). In particular, on a compact manifold M
each differentiable vector field ξ is complete (see [9, p. 23]).
The vector field ξ is also called the velocity vector (field) of the flow. For an
arbitrary differentiable tensor field T , one can consider its Lie derivative along
trajectories of the flow with the velocity vector ξ:
LξT :=
d
dt
(φ∗tT )|t=0
(see [9, p. 36], [10, p. 71]). It is well known (see [13, p. 211]) that the Lie derivative
LξT measures the rate of the change of the tensor T under deformations determined
by the one-parameter group of differentiable transformations φt generated by the
vector field ξ. In particular, the rate Lξω of the change of the volume element ω or,
in other words, the rate of volumetric expansion under deformations determined
by the one-parameter group of differentiable transformations φt generated by the
field ξ can be calculated by the formula (see [9, p. 259], [13, p. 212])
(1) Lξω :=
(
divω ξ
) · ω.
Due to (1), the function divω ξ is called the logarithmic rate of change of the volume
(or the rate of volumetric expansion) along the flow generated by the field ξ (see [12,
p. 195]). On the other hand, for a vector field ξ with compact support inM , Green’s
theorem is valid (see [9, p. 259]):
(2)
∫
M
(
divω ξ
) · ω = 0.
Obviously, the conditions divω ξ > 0 and divω ξ < 0 contradict (2). If divω ξ ≥ 0
or divω ξ ≤ 0, then Eq. (2) implies that divω ξ = 0. This means that Lξω = 0,
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i.e., the one-parameter group of differentiable transformations φt leaves ω invariant
and the vector field ξ is an infinitesimal automorphism of the SL(n,R)-structure
(see [8, pp. 9-10]). In hydrodynamics (even in the absence of a metric), such a
vector field ξ is said to be divergence-free and the flow generated by it is said to be
incompressible (see [14, p. 125]). The following assertion is obvious.
Proposition 1. Let (M,ω) be a connected differentiable manifold equipped with
an SL(n,R)-structure and let a flow with a compactly supported velocity vector ξ be
given on M . The volume element ω cannot increase (decrease) along trajectories
of the flow. If the volume element ω is a nondecreasing (or nonincreasing) func-
tion along trajectories of the flow, then this flow is incompressible and its rate of
volumetric expansion is equal to zero.
Proof. At each point of the manifoldM , the signs of the functions of the logarithmic
rate divω ξ and the rate Lξω of volumetric expansion coincide. Moreover, divω ξ = 0
if and only if Lξω = 0. This means that of the velocity vector ξ has a compact
support in the manifold M with the volume element ω, then the assertion of the
theorem is a direct consequence of Green’s theorem. 
Since the Lie derivative Lξω of the volume element ω measures the rate of its
change under the action of the group of differentiable transformations φt generated
by the field ξ, the Lie derivative Lξ(Lξω), in its turn, measures the acceleration of
volumetric expansion, i.e., the acceleration of the change of the volume element ω
along trajectories of the flow with the velocity vector ξ. In this case, the following
relation holds:
(3) Lξ(Lξω) = Lξ
(
(divω ξ) · ω
)
=
(
Lξ(divω ξ)
) · ω + (divω ξ) · Lξω
=
(
Lξ(divω ξ) + (divω ξ)
2
)
· ω,
where the function Lξ(divω ξ) characterizes the rate of the change of the logarith-
mic rate of volumetric expansion divω ξ along trajectories of the flow generated by
the field ξ. Obviously, the vanishing of the acceleration of volumetric expansion
Lξ(Lξω) leads to the condition Lξ(divω ξ) = −(divω ξ)2 ≤ 0. As a result, the loga-
rithmic rate of volumetric expansion either decreases or vanishes along trajectories
of the flow. On the other hand, if the logarithmic rate of volumetric expansion is a
nondecreasing (or even zero) function along trajectories of the flow, then the rate
of volumetric expansion of this flow is also a nondecreasing function. Obviously,
the growth condition Lξ(divω ξ) > 0 for the logarithmic rate implies the increasing
of the rate of volumetric expansion since in this case Lξ(Lξω) > 0.
The vector field (divω ξ)ξ is called the vector of logarithmic rate of volumetric
expansion. Based on Eq. (3), we can prove the following assertion.
Proposition 2. Let (M,ω) be a connected differentiable manifold equipped with an
SL(n,R)-structure and let a flow with velocity vector ξ be given on M such that the
vector of logarithmic rate of volumetric expansion (divξ ξ)ξ has a compact support
in M . The rate of volumetric expansion of this flow cannot increase (decrease)
along trajectories. If the rate Lξω of volumetric expansion along trajectories of the
flow is a nondecreasing (or nonincreasing) function, then this flow has a constant
rate of volumetric expansion. In particular, if the logarithmic rate of volumetric
expansion divω ξ is a nondecreasing function along trajectories of the flow, then the
flow is incompressible and its rate of volumetric expansion Lξω is equal to zero.
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Proof. Let M be a differentiable manifold with volume element ω. First, we note
that for the vector field (divω ξ)ξ, which is compactly supported in M , Green’s
theorem has the form
(4)
∫
M
div
(
(divω ξ)ξ
) · ω =
∫
M
(
Lξ(divω ξ) + (divω ξ)
2
)
· ω = 0.
Second, it is easy to see from (3) that the inequality
Lξ(Lξω) > 0 (Lξ(Lξω) < 0),
which is valid everywhere on M , implies the inequality
Lξ(divω ξ) + (divω ξ)
2 > 0 (Lξ(divω ξ) + (divω ξ)
2 < 0),
which contradicts (4). Similarly, from (3) we also conclude that the inequality
Lξ(Lξω) ≥ 0 (Lξ(Lξω) ≤ 0),
which is valid everywhere on M , implies the inequality
Lξ(divω ξ) + (divω ξ)
2 ≥ 0 (Lξ(divω ξ) + (divω ξ)2 ≤ 0).
Therefore, Eq. (4) implies that
Lξ(divω ξ) + (divω ξ)
2 = 0
and hence
Lξ(Lξω) = 0.
In particular, from (4) for Lξ(divω ξ) ≥ 0 we conclude that divω ξ = 0 and hence
the equality Lξω = 0 holds. 
The following assertion is valid.
Proposition 3. On a closed (i.e., compact without boundary) differentiable man-
ifold (M,ω) equipped with an SL(n,R)-structure, there are no flows with velocity
vector ξ and the nondecreasing along the flow logarithmic rate of volumetric expan-
sion divω ξ, if the acceleration Lξ(divω ξ) > 0 at least at one point.
This assertion is valid since the conditions imposed on the scalar functions divω ξ
and Lξ(divω ξ) contradict Eq. (4), which is also valid on any closed (i.e., compact
without boundary) manifold M .
3. Dynamics of Volumetric Expansion on Complete Riemannian
Manifolds
Let Ø(n,R) be a subgroup of orthogonal transformations from GL(n,R). We
determine an Ø(n,R)-structure on an n-dimensional (n ≥ 2) differentiable man-
ifold M as an Ø(n,R)-subbundle of the bundle L(M). It is well known (see [8,
p. 13]) that an Ø(n,R)-structure on M is nothing but the Riemannian metric g
on M . In this casem the pair (M, g) is called a Riemannian manifold. For a Rie-
mannian manifold (M, g), we can introduce the canonical volume element ω = dv,
which is defined in an arbitrary oriented local coordinate system x1, . . . , xn on M
by the formula dv =
√
det gdx1 ∧ · · · ∧ dxn.
Recall that a Riemannian manifold (M, g) is complete if each geodesic in (M, g)
can be extended for arbitrarily large values of its canonical parameter (see [9,
p. 166]). It is known that on each connected differentiable manifold there exists a
structure of a complete Riemannian manifold (see [15, p. 175]).
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On a complete Riemannian manifold, the generalized Green’s theorem holds
(see [16, 17]). Namely, for a differentiable vector field X on a complete (noncom-
pact) oriented Riemannian manifold M , the conditions divX ≥ 0 (or divX ≤ 0)
and |X | ∈ L1(M, g) imply divX = 0; here |X | = √g(X,X) and divX = divΩX
for Ω = dv. Taking into account this theorem, we can reformulate Proposition 1 as
follows.
Corollary 1. Let on a complete noncompact oriented Riemannian manifold (M, g),
a flow with complete field of velocity vectors ξ be given such that |ξ| ∈ L1(M, g).
If the volume element of the manifold is a nondecreasing (or nonincreasing) func-
tion along trajectories of the flow, then the flow is incompressible and its rate of
volumetric expansion is equal to zero.
If we take the vector of logarithmic rate (div ξ)ξ as X in the generalized Green’s
theorem, then Proposition 2 implies the following assertion.
Corollary 2. Let on a complete, noncompact, oriented Riemannian manifold
(M, g), a flow with complete field of velocity vectors ξ be given such that |(div ξ)ξ| ∈
L1(M, g). If the rate of volumetric expansion is a nondecreasing (or nonincreasing)
function along trajectories of the flow, then this flow has a constant rate of volu-
metric expansion. In particular, if the logarithmic rate of volumetric expansion is a
nondecreasing function along trajectories of the flow, then the flow is incompressible
and its rate of volumetric expansion is equal to zero.
As an example, we consider a local one-parameter group of infinitesimal trans-
formations (i.e., a flow) generated by the vector field ξ of a Ricci soliton, i.e., a
Riemannian manifold (M, g) such that
−2Ric = Lξg + 2λg,
where Ric is the Ricci tensor of the metric g, Lξg is the derivative of the metric g
in the direction of the field ξ, and λ is a constant (see [18, p. 22]). For the vector
of logarithmic rate of volumetric expansion (div ξ)ξ, we have (see [19])
(5) div(div ξ)ξ = −Lξs+ (s+ nλ)2,
where s = traceg Ric is the scalar curvature of the metric g.
Proposition 4. Let (M, g) be a complete, noncompact, oriented Ricci soliton with
a complete vector field ξ such that |(div ξ)ξ| ∈ L1(M, g). If the scalar curvature s of
the Ricci soliton is a nonincreasing function along trajectories of the flow generated
by the field ξ, then s = −nλ and the flow is incompressible.
4. Dynamics of Volumetric Expansion on Lorentzian Manifolds
On an n-dimensional (n ≥ 3) differentiable manifoldM , we introduce an Ø(1, n−
1)-structure as an Ø(1, n−1)-subbundle of the bundle L(M), where Ø(1, n−1) is the
subgroup of Lorentz transformations in GL(n,R). It is well known (see [8, p. 13])
that an Ø(1, n− 1)-structure on M is nothing but a pseudo-Riemannian metric g
on M with Lorentz signature (−++ . . .+. It is also known that any noncompact
differentiable manifold admits an Ø(1, n−1)-structure, i.e., possesses a metric with
Lorentz signature. An Ø(1, n − 1)-structure on a compact manifold exists if and
only if its Euler characteristics is equal to zero (see [20, p. 50]). A pair (M, g)
is called a Lorentzian manifold (see [20, p. 50]). The canonical volume element
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on (M, g) has the form dv =
√| det g|dx1 ∧ · · · ∧ dxn for an arbitrary oriented local
coordinate system x1, . . . , xn on M .
In on an n-dimensional (n ≥ 3) Lorentzian manifold (M, g) a complete unit
timelike vector field ξ is given, then (M, g) is said to be time oriented by the field ξ
(see [20, p. 50]). In this case, the following consequence of Proposition 2 is valid.
Corollary 3. Assume that on an n-dimensional (n ≥ 3) Lorentzian manifold
(M, g) there exists a flow with a unit timelike compactly supported velocity vec-
tor ξ. The rate of volumetric expansion of this flow cannot be a function that
increases (descreases) along its trajectories and, in particular, the logarithmic rate
of volumetric expansion cannot increase.
Assume that in (M, g) there exists a spacelike hypersurface M ′ (see [20, p. 92])
orthogonal to trajectories of the flow generated by the vector field ξ. In this case,
the acceleration vector of the flow ξ˙ = ∇ξξ is a tangent vector for M ′. At points
of M ′, the following relations holds (see [4, 21]):
(6) div ξ˙ = Ric(ξ, ξ) + g(σ, σ) + (n− 1)−1(div ξ)2 + Lξ(div ξ),
where g(σ, σ) ≥ 0 is the square of the traceless part of the second fundamental form
of the hypersurface M ′ (see [20, p. 93]). The following theorem is valid.
Theorem 1. Assume that in an n-dimensional (n ≥ 3) Lorentzian manifold (M, g),
there exist a spacelike hypersurface M ′ and a flow orthogonal to it with unit time-
like velocity vector ξ. If Ric(ξ, ξ) ≥ 0 and for the logarithmic rate of volumetric
expansion div ξ we have Lξ(div ξ) ≥ 0 at each point of M ′ and, moreover, at least
at one point Lξ(div ξ) > 0, then the hypersurface M
′ cannot be closed.
Proof. Assume that the hypersurface M ′ is a closed (i.e., compact without bound-
ary) spacelike submanifold in (M, g), which is orthogonal at each point to the unit
timelike vector field ξ. Applying Green’s theorem to the vector field ξ˙ = ∇ξξ, which
is tangent to M ′, we obtain the integral relation
(7)
∫
M
(
Ric(ξ, ξ) + g(σ, σ) + (n− 1)−1(div ξ)2 + Lξ(div ξ)
)
· dv′ = 0,
where dv′ is the volume element of M ′. Obviously, the conditions Ric(ξ, ξ) ≥ 0
and Lξ(div ξ) ≥ 0 everywhere on M ′ and Lξ(div ξ) > 0 at least at one point of M ′
contradict the integral relation (7). 
Remark 1. We recall the following classical result (see [2]): in an n-dimensional (n ≥
3) compact space-time with the Ricci tensor satisfying the condition Ric(X,X) > 0
for all nonspacetime vectors X 6= 0, there are no closed (i.e., compact without
boundary) spacelike hypersurfaces.
If we assume that the spacelike hypersurface M ′ is a complete (noncompact)
oriented Riemannian manifold, then using the generalized Green’s theorem we can
prove the following.
Theorem 2. Assume that in an n-dimensional (n ≥ 3) Lorentzian manifold (M, g)
there exist a spacelike complete (noncompact) oriented hypersurface M ′ and a flow
orthogonal to it with unit timelike velocity vector ξ such that |ξ˙| ∈ L1(M, g). If
Ric(ξ, ξ) ≥ 0 and the logarithmic rate of volumetric expansion div ξ satisfies the
inequality Lξ(div ξ) ≥ 0 at each point of M ′, then M ′ is a completely geodesic
submanifold of (M, g).
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Proof. By the condition of the theorem, the vector field ξ˙ = ∇ξξ is tangent for the
complete, noncompact, oriented Riemannian manifold M ′ on which Eq. (5) holds.
If we impose the conditions Ric(ξ, ξ) ≥ 0 and Lξ(div ξ) ≥ 0 everywhere on M ′,
then due to (5) the inequality div ξ˙ ≥ 0 also holds. In this case, by the generalized
Green’s theorem we conclude that div ξ˙ = 0. Then, in particular, from (5) we see
that div ξ = σ = 0. This means (see [4, 21]) that the second fundamental form of
the hypersurface M ′ vanishes and hence the hypersurface M ′ itself is a completely
geodesic submanifold of (M, g) (see [20, pp. 93-94]). 
5. Dynamics of Volumetric Expansion in Space-Time
Recall that a space-time is a connected four-dimensional oriented Lorentzian
manifold (M, g) (see [22, c. 27]). For the case n = 4, Eq. (5) follows from the
Landau–Raychaudhuri equation (see [22, pp. 97–98]), which describes the dynamics
of flows of the cosmological liquid in the space-time. Streamlines of this liquid are
trajectories of the flow generated by a unit timelike vector field ξ (see [20, p. 47]
and [23, p. 92]). The hydrodynamical sense of variables appearing in Eq. (5) is as
follows (see [1, p. 219] and [22, p. 96]): σ is the tensor of transversal shear, θ is the
volumetric divergence, and ξ˙ = ∇ξξ is the vector field of the 4-acceleration of the
cosmological liquid. In the case of the perfect liquid we have Ric(ξ, ξ) = 4pi(µ+3ρ),
where µ i the energy density and ρ is the pressure (see [22, p. 98]). Moreover, in
the case n = 4, following Hawking and Penrose (see [24, p. 539]), the inequality
Ric(X,X) ≥ 0, which is valid for all unit timelike vectors X , is called the energy
condition for the space-time.
We also recall that the increasing of the logarithmic rate of volumetric expansion
implies the increasing of the rate of volumetric expansion; this is directly related
to the problem on the accelerated expansion of the Universe. In the case of a
four-dimensional space-time, the last two theorems acquire a physical content. The
following two assertions are valid (cf. [2] and [3, p. 164]).
Corollary 4. Assume that in a space-time satisfying the energy condition, there
exist a spacelike hypersurface and a flow of the cosmological liquid orthogonal to it.
If the logarithmic rate of volumetric expansion is a nondecreasing function along
streamlines and on the hypersurface there exists growth points, then the hypersurface
cannot be closed.
Corollary 5. Assume that in a four-dimensional space-time (M, g) satisfying the
energy condition, there exists a spacelike complete oriented hypersurface and a flow
of the cosmological liquid orthogonal to it with velocity vector ξ such that
∣∣ξ˙∣∣ ∈
L1(M, g). If the logarithmic rate of volumetric expansion along streamlines is a
nondecreasing (or even zero) function, then the hypersurface is completely geodesic.
Each closed, oriented three-dimensional manifoldM ′ is the boundary of a certain
four-dimensional manifold (see [25, 26]). In our case, this means that for a closed,
oriented, spacelike hypersurface M ′, there exists a four-dimensional submanifold
N ⊂ M such that ∂N = M ′. Since the space-time (M, g) is oriented, the sub-
manifold N is also oriented. In this case, we can assume that the hypersurface M ′
is also oriented and its orientation is induced by an imaginary unit normal vec-
tor N directed outward at each point x ∈M ′. In this case, the divergence theorem
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(see [27]) has the form∫
N
(div ξ) dv = −
∫
M ′
g(ξ,N ) dv′ =
∫
M ′
dv′ = Vol(M ′) > 0,
where ξ = N at each point x ∈ M ′. In its turn, the divergence theorem for the
vector field (div ξ)ξ has the form
(8)
∫
N
(
Lξ(div ξ) + (div ξ)
2
)
dv =
∫
M ′
(div ξ) dv′.
Now it is easy to see that the conditions Lξ(div ξ) ≥ 0 at all points of N and
div ξ = 0 at all points of M ′ contradict Eq. (8). The following theorem is valid.
Theorem 3. Assume that in the space-time there exist a closed spacelike hyper-
surface and an outward flow of the cosmological liquid orthogonal to it. This flow
cannot simultaneously satisfy the following two conditions:
(1) along streamlines on the submanifold whose boundary coincides with this
hypersurface, the acceleration of volumetric expansion (or the logarithmic
rate of volumetric expansion) is a nondecreasing function and there exist
points at which it is nonzero;
(2) on the hypersurface, the logarithmic rate of volumetric expansion vanishes.
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